We describe power-dependent dynamics of conversion of the guided modes of various guiding structures due to nearly resonant longitudinal modulation of the nonlinear coefficient of the medium. It is shown that the control of the energy exchange integrals, as well as of the input weights of the interacting modes is especially crucial for efficient mode conversion in the setting considered here. Complex dynamics of conversion incorporates various scenarios, including non-harmonic oscillations of the energy weights, which mimics Jacoby elliptical functions.
We describe power-dependent dynamics of conversion of the guided modes of various guiding structures due to nearly resonant longitudinal modulation of the nonlinear coefficient of the medium. It is shown that the control of the energy exchange integrals, as well as of the input weights of the interacting modes is especially crucial for efficient mode conversion in the setting considered here. Complex dynamics of conversion incorporates various scenarios, including non-harmonic oscillations of the energy weights, which mimics Jacoby elliptical functions.
Coupling of different modes in waveguiding optical structures is a topic of continuous interest, primarily due to numerous practical applications. In its simplest physical realization in linear optical waveguides (or fibers) with longitudinally varying refractive index, stimulated mode conversion is adequately described by a system of coupled ordinary differential equations for the modal amplitudes (see, e.g., [1] and references therein). The longitudinal modulation of the waveguide parameters modifies propagation constants of the eigenmodes, and can bring the system to phase matching if the mismatch of propagation constants of interacting modes coincides with spatial frequency of the modulation. Importantly, a simple mathematical analogy exists between stimulated mode conversion process and Rabi flopping -periodic transitions between two stationary states of a quantum system driven by the resonant external field (see [2] [3] [4] for reviews). A large variety of light-guiding architectures open many possibilities for practical realization of stimulated mode conversion: from simple one-dimensional multimode waveguides and photonic lattices [5] [6] [7] , to more sophisticated helical structures, offering coupling of vortex modes with different topological charges [8] [9] [10] [11] . More recently so called PT-symmetric waveguides, featuring spatially inhomogeneous balanced gain and absorption, were shown to influence energy conversion of eigenmodes [12] . Stimulated mode conversion is possible also in strongly guiding dielectric or metal-dielectric structures providing deep subwavelength confinement of light beams [13] . Since resonant mode coupling leads to notable modifications of the mode weights, it can be used for controllable shaping of light beams, dynamical manipulation of the diffraction strength in arrays of multimode waveguides, and transformation of the topological structure of the beam, to name just a few possibilities.
Modulation of the nonlinearity coefficient along the fiber or waveguide also leads to interesting phenomena. Thus, pulses propagating along such a fiber may develop periodically modulated envelope [14] -an effect analogous to the formation of Faraday pattern in systems with parametric excitation [15] . Such a modulation leads, for instance, to high-frequency pulsing in ring cavities built from nonlinear modulated fibers [16, 17] . Interesting dynamical effects have been also obtained in fibers with dispersion modulation [18] , which in some limit is equivalent to the modulation of nonlinearity coefficient. Even richer dynamics is possible when linear and nonlinear refractive index profiles in the material are simultaneously longitudinally modulated. Modern technologies allow creation of such structures, moreover, in waveguides, written in glass by femtosecond laser pulses, an increase of the linear refractive index accompanied by a decrease of the nonlinearity coefficient [19] . Similarly, fabrication of tapered photonic crystal fibers with desired longitudinal variation law of their parameters was demonstrated recently in [20] . Longitudinal nonlinearity modulation was suggested as a mechanism to control discrete solitons in waveguide arrays [21] (on [22] related idea was suggested in dissipative system). Strong longitudinal nonlinearity modulation may result in the formation of compact nonlinear excitations in waveguide arrays [23] . Recent survey of related effects can be found in [24] . Soliton dynamics was analyzed in longitudinally modulated nonlinear lattices [25, 26] as well as in Bose-Einstein condensates [27] . Notice, however, that stimulated mode conversion due to longitudinal nonlinearity modulation was not considered so far, to the best of our knowledge.
It this Letter, we address multimode bell-shaped waveguides and more complex guiding structures in the presence of periodic longitudinal modulation of the Kerr-type nonlinearity and illustrate nontrivial features of the mode conversion process in such structures. The conversion efficiency can be high even for weak nonlinearity modulation. The key roles of the exchange integrals and the input weights of interacting modes in the transformation process are elucidated.
We consider light propagation in a multimode waveguide with longitudinal modulation of the nonlinearity coefficient, which is governed by the nonlinear Schrödinger equation for the dimensionless field amplitude q :
Here the transverse  and longitudinal  coordinates are scaled to the characteristic transverse width (width of the fundamental mode of the waveguide, for example) and diffraction length, respectively; the function ( ) R  with max ( ) R p   describes the transverse refractive index profile; the parameter  stands for the depth of the longitudinal modulation of the nonlinearity coefficient, while parameter p describes waveguide depth. To illustrate that mode conversion process works equally well for different waveguides, we consider two types of the structure:
with multiple transverse shape oscillations. At 0   such waveguides support a set of stationary eigenmodes of the form ( , ) ( ) exp( ) To get a preliminary insight into field dynamics, a standard approach of resonantly coupled modes [1] was considered
, where modal amplitudes k c are functions of  now. Substitution into Eq. (1) yields the system of ordinary differential equations for modal amplitudes: 
where 1 3 b b    is the detuning from exact resonance frequency
Here we introduced the "exchange integrals":
and took into account the normalization for modes discussed above. The system (2) admits Hamiltonian formulation with 
where plus in the denominator should be taken when the input weight of the third mode 3, 0
, while minus corresponds to
 is the integration constant determined by the initial conditions. The weight of the first mode follows from For nonzero detuning 0  the energy exchange is always periodic.
Analytical solutions are not available in this case and we use numerical integration of Eqs. (2) to illustrate propagation dynamics [see Fig. 2(b) . We stress this principal difference with mode conversion process due to modulation of the linear refractive index, for which evolution of modal amplitudes is described by trigonometric functions [5] .
The period of oscillations decreases with  as follows from (2).
To describe conversion process in real-world system we now turn to integration of Eq. (1). We start with superposition of the first and third modes and calculate modal amplitudes ( ) ( , ) ( )
determined by projections of the total field amplitude at distance  on eigenmodes of the waveguide and corresponding energy weights ( )
We also varied the frequency detuning
 from exact resonance, where  is the relative detuning. Fig. 4(c) ]. Mode conversion due to longitudinal nonlinearity modulation is a resonant effect and the efficiency of this process strongly depends on the detuning of actual modulation frequency from the resonant value As it was pointed out above, the efficiency of "reverse" conversion process Summarizing, we have shown that longitudinal resonant modulation of the nonlinear refractive index stimulates mode conversion in multimode guiding structures. Dynamics of the mode weights remarkably differs from that in the guiding structures with harmonic modulation of the linear refractive index due to the strong dependence of evolution dynamics on the input conditions and exchange integrals. 
